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Correlation Between Vortex Strength and Axial
Velocity in a Trailing Vortex
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The vortices that trail from the wingtips of a large aircraft provide a signi� cant hazard to an aircraft that follows
in its wake. The objective is to contribute to the understanding of these vortices by identifying the conditions
where an axial velocity in excess of the freestream value will be generated in the core of a trailing vortex. The axial
velocity near the core of a trailing vortex was measured using a triple-sensor hot-wire probe and compared with
measured values of vortex circulation strength. The vortex was generated in a wind tunnel using a NACA 0015wing
model with a semispan aspect ratio of 0.80. A linear relationship between the axial velocity and a nondimensional
circulation parameter is indicated. For small values of the circulation parameter, the axial velocity shows a velocity
de� cit. An increase in circulation strength results in a progressive increase in axial velocity, which can exceed the
freestream velocity by as much as 70%. The results indicate that the magnitude of the axial velocity is sensitive
to the two end-cap con� gurations, � at and rounded, that were tested. It was found that scaling the circulation
parameter by the vortex radius collapses the data from both con� gurations to a single linear curve.

Nomenclature
b = wing span
C = constant equal to .2¼/¡1 times the circulation
c = wing chord
d = vortex diameter
U = freestream velocity
u; v; w = local velocity in Cartesian coordinates
u x ; uµ ; ur = local velocity in cylindrical coordinates
x; µ; r = cylindrical coordinates
® = angle of attack
0 = circulation
1H = head loss parameter

Introduction

I T was suggestedby Batchelor1 that axial � ow shouldoccur inside
a trailing line vortexand that it can be less than (de� cit) or greater

than (excess) the freestream velocity. His conclusion was based on
an analysisof the equationsof motionwith axisymmetricline vortex
assumptions. The following result was derived:
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where the dependent variable C D ruµ represents .2¼/¡1 times the
circulation around a symmetrically placed circle, u x is the axial ve-
locity in the vortex core, and 1H is an arbitrary function added
by Batchelor to account for dissipation along a streamline passing
througha viscousregionof the � ow, for example, the wingboundary
layer. This result was obtained by equating the pressure terms from
the radialmomentum equation(integratedover the radial coordinate
with axisymmetrictrailingvortexassumptions)andBernoulli’s con-
stant (including 1H ) applied between the freestream and a point
near the center of the vortex. Equation (1) shows that an excess or
de� cit of the axial velocity will depend on a balance between the
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overall dissipation term and the radial circulation gradient. If one
assumes that the dissipation term and the vortex core radius remain
relatively constant and that there is a monotonic increase in circu-
lation away from the vortex center, then the axial velocity excess
would increase as the overall circulation strength of the vortex is
increased. In subsequent experimental studies, investigators have
measured both types of axial velocitybehavior and the results agree
qualitativelywith Batchelor’s conclusion.

Two recent experimental studies performed by Chow et al.2 and
Devenport et al.3 provide examples of velocity excess and de� cit
behavior. Chow et al.2 used a NACA 0012 rectangularwing section
with a roundedend capanda semispanaspectratioof 0.75.The wing
sectionwas positionedat an angleof attackof® D 10 deg while mea-
surements were taken at approximately 0.16 to 0.67 chord lengths
downstream of the wing. All measurement locations indicated an
axial velocity excess of approximately 1.7U , which decayed only
slightly from the trailing edge to 0.67c. Devenport et al.3 performed
a similar study using a NACA 0012 rectangular wing section with
a � at end cap, aspect ratio of 4.33, and ® D 5 deg. Velocity mea-
surements taken at locationsbetween 5 and 30 chord lengths behind
the wing’s trailing edge showed a de� cit pro� le of approximately
0.84U , which remained relatively constant over the downstream
distance surveyed. Hence, both axial velocity excess and de� cit in
a trailing vortex can be con� rmed by experiment, a result which
supports Batchelor’s early analysis. Later analyses by Green4 and
Saffman5 provided additional theoretical support for these experi-
mental observations.

Spalart6 provides insight to the axial velocity behavior. He sup-
plements Batchelor’s analysis by rationalizing a proportional rela-
tionship between the axial velocity and a nondimensional quantity
de� ned here as the circulation parameter 0=.U b/, where 0 is the
measured circulation strength and b is twice the model semispan.
When this parameter was used, the differencesbetween several ex-
perimental studies were reconciled.The data of Chow et al.,2 which
show an excessaxial velocityof 1.78U , give a circulationparameter
value of 0.20. In contrast, Devenport et al.,3 reported a de� cit pro-
� le that correspondsto a much lower circulationparameterof 0.028.
Other investigations by Ramaprian and Zheng7 and McAlister and
Takahashi8 showed that when the wing loading is low a de� cit pro-
� le is detected. For larger wing loading, McAlister and Takahashi,
Chigier and Corsiglia,9 and Dacles-Mariani et al.10 show that an
excess pro� le is observed.

To evaluatethe in� uence of the wing end-cap treatment,one must
consider the differences in the near-� eld vortex structure for each
con� guration. Numerical predictions by Khorrami et al.11 indicate
the formation of multiple vortex structures produced as the vortex
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Fig. 1 Schematic views of the wind-tunnel test section arrangement for the experiments.

sheet is divided into segments at the abrupt edge of the � at end cap.
In comparison, numerical predications for rounded end-cap � ow,
Hsiao and Pauley,12 Srinivasan and McCroskey,13 and Srinivasan
et al.14 point to the smooth rollup of a single vortex sheet in the near
� eld. The experimentalmeasurementsof McAlister and Takahashi8

reveal that at a given streamwise location the vortex formed from a
wing with a � at end cap has a larger diameter and decreased axial
velocity relative to the vortex formed by rounded end cap. Thus,
it is deduced that for a given circulation strength a smaller vortex
diameter is produced by the rounded end-cap con� guration.

Experimental Arrangement and Procedure
In the present study, experimental data were obtained to gain fur-

ther insight into the axial velocity behavior in the trailing vortex.
The experiments were conducted in the low-speed wind tunnel at
Utah State University’s Aerodynamics Research Laboratory. The
tunnel is an indraft type with a 1.2 by 1.2 m test section and an inlet
contraction ratio of 9:1. The maximum tunnel velocity used in the
current study was 30 m/s with a corresponding turbulence inten-
sity of less than 0.5%. Three chord-based Reynolds numbers were
investigated, 0:75 £ 106, 1 £ 106, and 1:25£ 106 , in the current
work.

The NACA 0015 wing model had a 0.762-m chord and semispan
of 0.610 m, which gave a semispan aspect ratio of 0.80. A band of
15 chordwise pressure ports located approximatelyat midsemispan
were used to determine the zero-angle-of-attack position. The wing
was mountedverticallyona splitterplate positioned10cm above the
tunnel � oor and could be rotated about its quarter-chord axis. The
� at wingtip geometry could be modi� ed by attaching a removable
rounded end cap with a circular cross section.

Velocity measurements were obtained using an Auspex model
AVEP-3-102 triple-sensorhot-wireprobe operatedby a TSI IFA300

constant temperature anemometer system. The hot-wire calibration
was made using a TSI Model 1129 automatic velocity calibrator.
A two-degree-of-freedomcomputer-controlledtraverse with an ac-
curacy of §0.01 mm in the transverse direction and §0.02 mm in
the spanwise direction was used to position the probe. Streamwise
traverse was accomplished by manually sliding the splitter plate
along channels that extend along the length of the test section. The
experimental arrangement is shown in Fig. 1.

Experimental Uncertainties
The local mean velocity results presented in this study are based

ona time averageof2048 samplesperdatapointacquiredat a sample
rate of 2000 Hz for a total sample period of 1.024 s. The sample pe-
riod was de� ned by the minimum beyondwhich the mean quantities
remained repeatable. Calibration of the hot-wire probe was accom-
plished using 17 points to cover a velocity range of 0–50 m/s. The
maximum velocity measured in the test was approximately 30 m/s.
The mean standard errors of the streamwise velocity calibrationare
as follows: less than 3% for velocities between 0 and 3 m/s, < less
than 2% for velocities between 3 and 16 m/s, and less than 0.1%
for velocities greater than 16 m/s. The triple-sensor probe was cal-
ibrated over a pitch and yaw angle range of §30 deg using 5-deg
increments. Conversion of raw voltagedata to velocity components
was accomplished using the method of Lekakis et al.15 Flow an-
gles were resolved to an accuracy of §2 deg over the data range
based on calibration check runs. Flow angularity in the � ow� eld
did not exceed the angle limitations of the sensor. Vortex circula-
tion strengthwas calculatedby integrationof the tangentialvelocity
components along a square path surroundingthe vortex. The length
dimension of the square was 15.24 cm, and the measurement in-
crement was 0.51 cm. Changing the length dimension of the square
integration path by §2.54 cm produced less than a 0.5% change in
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Fig. 2 Circulation parameter as a function of angle of attack: � at and rounded end-cap data are represented by solid and open symbols, respectively.

a) ® = 4 deg b) ® = 10 deg

Fig. 3 Axial velocity pro� les at x/c = 2.

the circulation value calculated with the � at end cap at ® D 10 deg
and x=c D 2. All mean velocity data are normalized by the tunnel
freestream velocity calculated from pitot-static tube dynamic pres-
suremeasurementsthatwere simultaneouslymadewith thehot-wire
measurements. The Reynolds number was calculated using ambi-
ent temperature and pressure data acquired simultaneous with the
dynamic pressure. The Reynolds number drifted by no more than

§1000 from the nominal value over the duration of each � ow� eld
survey due to ambient temperature changes.

Results
Vortex circulation values were calculated from an integration of

the velocity� eld alonga path that surroundedthe vortex.The results
are shown in terms of the nondimensional circulation parameter as
a function of the wing angle of attack for three Reynolds numbers
and two streamwise locations in Fig. 2. The difference in measured
circulation strength between the x=c D 1 and x=c D 2 locations was
relativelyminor, indicatingthat the integrationpathcontainednearly
all of the shed vorticity. There was an increase in the scatter of
the data at ® D 10 deg, which may be attributed to the onset of
� ow separation.The measurementsobtained for ® D 12 deg showed
signi� cantly reduced circulation values consistent with separation.

Prandtl’s lifting-line theory equates the circulation strength of a
single trailingvortex to the strengthproducedby the bound vorticity
at the wing root. For a � xed-geometry wing, the root circulation
strength will increase in direct proportion to the lift produced.This
result is consistent with the linear trend observed in Fig. 2. The
circulation parameter values are seen to be relatively insensitive to
end-cap treatment. Although it is expected that the rounded end cap
produces lift more ef� ciently, this is not be re� ected in the strength
of the trailingvortex but in the value of the proportionalityconstant
that relates the vortex circulation strength to the wing lift.

The velocity pro� les (Figs. 3a and 3b), show an axial velocity
de� cit for the lower wing loading (® D 4 deg) and an excess for the
higher wing loading (® D 10 deg). The effect of the rounded end
cap is to produce a greater axial velocity in the vortex compared
to that generated by � at end cap. A relatively large scatter in the
data is observed in the axial velocity that prevented a representative
value ux from being de� ned based strictly on the radial coordinate.
Therefore, in the presentwork, ux is de� ned as follows:For velocity
excess,ux is equal to the maximum velocityrecordednear thevortex
center, and for velocity de� cit, u x is equal to the minimum velocity
recordednear the vortex center. The axial velocity values are shown
for all tested con� gurationsas a functionof angle of attack in Fig. 4.
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Fig. 4 Axial velocity magnitude as a function of angle of attack.

Fig. 5 Axial velocity near the center of the vortex as a function of circulation parameter.

A linear increase in axial velocity with respect to angle of attack is
apparentfor both end-capcon� gurations,although the magnitude is
noticeablylargerfor the roundedendcap.Results for the � at end-cap
con� gurationat lowerwing loading(® D 4deg) indicatea signi� cant
deviationfrom the linear trend, as well as a sensitivity to streamwise
measurementlocation.In contrast, the linear relationshipis accurate
for the roundedend-capdata over all wing angles of attack.The fact
that axial velocityde� cit values less than 0.8U are not observedand
that the linear trend appears only valid above 0.9U may point to a
minimum de� cit limit in the wing wake.

A comparisonbetween the vortex circulationparameter and axial
velocity from the current study as well as from severalother investi-
gations is presentedin Fig. 5. A linear trendis clearlyobservedin the
present data, and they correlate well with the independent results.
Also seen is the signi� cant effect of the end-capgeometryon the ax-
ial velocitywith the lower velocity correspondingto the � at end-cap
con� guration. The difference in axial velocity magnitude is linked
to a contrast in vortex circulation density between the two end-cap
con� gurations. For the rounded end cap, the � ow separation is de-
termined by the local pressure � eld that developsas � uid moves in a
smooth manner around the wingtip. In contrast, the � ow separation
at the � at end cap is determined by the presence of the sharp edge,
which forces the boundary layer to separate at � xed locations. Pre-

vious experimental8 and computational11¡14 results indicate that for
a given circulation strength a smaller vortex diameter is produced
by the rounded end-cap con� guration. Although a vortex produced
by either the � at or the rounded end cap has a comparable circu-
lation, the vortex produced by the rounded end cap has a smaller
diameter and, therefore, has a higher circulation density. Accord-
ing to Batchelor,1 the magnitude of the axial velocity in a trailing
vortex is determined by a balance between the energy loss due to
dissipation in the wing boundary layer and the radial gradient in
circulation strength. If we assume that the viscous dissipation and
the circulationis the same for both con� gurations, then the rounded
end cap, which produces a smaller more concentrated vortex, has
a larger radial gradient in circulation strength. This result applied
to Batchelor’s theory also predicts that the rounded end cap will
generate the larger axial velocity.

The sensitivity of the axial velocity and vortex diameter to end-
cap con� gurationsindicatesthat thediameteris an importantscaling
parameter for the circulationstrength.In Figs. 6a–6c, transverseve-
locity pro� les for the � at and rounded end-cap con� gurations are
comparedat x=c D 1 and 2 and for ® D 4 and 10 deg. Those con� gu-
rations are representativeof the general effect of end-cap geometry
on vortex diameter. From each pro� le, the vortex diameter was es-
timated and is noted on Fig. 6. Although the estimate is somewhat
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a) x/c = 1, ® = 4 deg b) x/c = 2, ® = 4 deg

c) x/c = 2, ® = 10 deg

Fig. 6 Vortex transverse velocity pro� les.

Fig. 7 Axial velocity near the center of the vortex as a function of modi� ed circulation parameter.
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subjective, the trend of smaller diameter for the rounded end cap is
apparent and consistentwith results from other investigations(e.g.,
McAlister and Takahashi8). For a given Reynolds number, angle
of attack, and streamwise measurement location, the trailing vor-
tex generated with the rounded end cap produced a smaller radius
than that produced with the � at end cap. The results are consistent
for both velocity excess and de� cit conditions.The average ratio of
vortex diameter from the � at end-cap to vortex diameter from the
rounded end cap calculatedfrom the pro� les is approximately1.28.
This ratio was then used to scale the circulation parameter for the
� at end-cap data to de� ne a modi� ed circulation parameter,

0=U b¤ D 0round=Ub D .0� at=Ub/.da round=da � at/

D .0� at=Ub/.1=1:28/ (2)

In Fig. 7, the results from this scaling are presented.The scaling
of the � at end-capcirculationparameterby the diameter ratio brings
the two linear trends into close agreement. It is expected that this
result is valid, not only for variations in end-cap treatment, but also
for anyothervariationsin winggeometry,for example,sweep, taper,
and section shape, that affect the vortex diameter.

Conclusions
The axial velocity near the center of a trailing vortex was mea-

sured using a triple-sensorhot-wire probe and compared to the vor-
tex circulation strength calculated by integration of the transverse
velocity components around a path surrounding the vortex. From
the results presented here, it is shown that a linear relationship be-
tween the circulation strength and wing angle of attack exists that
is consistent with Prandtl’s lifting-line theory. It is also shown that
a linear relationship exists between the axial velocity within the
core of a trailing vortex and the wing’s angle of attack. For the cur-
rent investigation, this linear trend is valid for cases where the axial
velocity was greater than 90% of the freestream velocity. Below
the 90% threshold value, there is a deviation from this linear trend
that suggests the presence of a maximum de� cit limit for trailing
vortices.

The axial velocity and the circulation parameter are shown to be
linearly proportional to the angle of attack of the wing and, there-
fore, are proportionalto each other.This proportionalityis predicted
by Batchelor’s theory1 for the axial velocity if one assumes that the
changes in the vortex radius and the viscousdissipationon the wing
with respect to angle of attack are negligible. The slope of the lin-
ear relationship is comparable for the two end-cap con� gurations.
However, the vortex generated by the rounded end cap produces a
higher axial velocity at a given circulation parameter value.

It was shown that the end-cap geometry has a signi� cant effect
of on the magnitudeof the axial velocity excess. At a given angle of
attack,thevortexproducedfroma roundedendcapgeneratesa larger
axial velocity and has a smaller diameter and than that produced
from a � at end cap. Because the measured circulation strengths are
comparable between the two con� gurations, it is concluded that the
larger axial velocity generated from the rounded end cap is caused

by a larger radial circulation gradient. Again, this conclusion is
motivated by the theoretical analysis of Batchelor1 that predicts
such a relationship between the two parameters.

An important scaling parameter for this problem is shown to be
the vortex diameter. Scaling the circulationparameterby the ratio of
vortex diameter for the � at and rounded end-cap con� gurations al-
lows the relationshipbetween axial velocity and circulation param-
eter to be approximated by a single line. The results from previous
investigationsare shown to correlate well with the current study.
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